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Abstract
We investigate the behaviour of a massive scalar field under the influence of a Coulomb-type
and central linear central potentials inserted in the Klein-Gordon equation by modifying the mass
term in the spacetime with Lorentz symmetry violation. We consider the presence of a background
constant vector field which characterizes the breaking of the Lorentz symmetry and show that
analytical solutions to the Klein-Gordon equation can be achieved.
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I. INTRODUCTION
The Standard Model (SM) presents in a unified way the electromagnetic, weak and strong
nuclear interactions with the exception of gravitational interaction which makes it an in-
complete quantum field theory (QFT). In addition, there are some observations, both from
a theoretical and observational point of view, about their predictions. Recent experimen-
tal data provided measurements of the proton radius which it is different from the value
predicted by the SM [1]. There is evidence, by observational data, that the fine structure
constant, admitted constant by quantum electrodynamics, one of the pillars of the SM, it is
changing [2, 3]. The SM is also limited in explaining the dark sector of the Universe.
Due to these questions about limitations of the SM, it has arisen in recent years interest
in investigating the possibility of a physics beyond the SM. In this context, the Lorentz sym-
metry violation (LSV) has been extensively explored in QFT since their possible scenarios
have provided directions in the search for answers about physical effects of possible underly-
ing physical theories, in which they can not be explained or observed through usual physics.
In this sense, based on string theory, Kosteleky´ and Samuel dealt with the spontaneous
breaking of symmetry through non-scalar fields, in which the vacuum expected value is con-
stant and acquires a tensorial nature which violates the Lorentz symmetry spontaneously
[4]. This possibility of extending the SM was known as the Standard Model Extension
(SME) [5, 6]. In recent decades, the LSV has been extensively studied in various branches
of physics [7–63]. Also, the LSV has been studied in non-relativistic quantum mechanics,
for example, Landau-type quantization [64], holonomies [65], geometric phase [66] and in
relativistic quantum mechanics, in particular, on a scalar field [67–70].
In this paper, we have investigate the relativistic quantum dynamics of a scalar field
subject to a hard-wall potential and to the Coulomb-type and linear central potentials in a
spacetime with LSV. Such configuration in the spacetime, which characterizes the LSV, is
provided by the direct coupling between the derivative of the field with an arbitrary constant
vector field in the Klein-Gordon equation, where we analyze its effects on a scalar field. Thus,
we show that it is possible to find out analytically solutions of bound states and to determine
the relativistic energy levels for the scalar field in a Lorentz violating background for each
case.
The structure of this paper is as follows: in section II, we analyzed the effects of a
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hard-wall potential on a scalar field in spacetime with LSV caused by the presence of a
background constant vector field; in section III, we investigated the effect of a Coulomb-
type central potential inserted in the Klein-Gordon equation by modifying the mass term
and discuss their effects on a scalar field in an spacetime with LSV; in section IV, we insert
a linear central potential in the Klein-Gordon equation by modifying the mass term and
determine solutions of bound states for a scalar field in an spacetime with LSV; in section
V, by modifying the mass term of the Klein-Gordon equation, we analyzed the effects of a
linear plus a Coulomb-type central potential on a scalar field subject to the LSV; in section
VI, we present our conclusions.
II. EFFECTS OF THE HARD-WALL POTENTIAL
Effective theories with LSV have been the focus of increasing interest in various physics
contexts nowadays. The symmetry that permeates all high energy physics and Lorentz
covariance is the basis of the SM of particle physics construction, and so is natural to ask
why the interest of this type of violation. Inspired by Refs. [71, 72], we can write the
equation for a scalar field of the form
[− g(vµ∂µ)2 −m2]φ = 0, (1)
where  = − ∂2
∂t2
+∇2 is the d’alembertian, g is a coupling constant, m is the rest mass of
the scalar field and vµ is the background vector field responsible by the LSV. It is important
to note that the coupling that appears in Eq. (1) it conserves the CPT symmetry, that is,
it is a CPT-even coupling [71]. In addition, the LSV non-minimal coupling in the Eq. (1)
is analogous to the general structure of the Eq. (6) of the Ref. [6], where the background
vector field vµ is associated with a second-order tensor field (kϕϕ) from the Ref. [6]: v
avb ∼
−(kϕϕ)ab. Here, we consider the background field vector with the configurations vµ = (v0, 0)
and vµ = (0, ~v). Note that these particular choices do not prevent us from investigating
their effects on the scalar field, since they are possible scenarios of LSV from the theoretical
point of view.
In this paper, we work in the Minkowski spacetime with cylindrical symmetry (c = ~ = 1):
ds2 = −dt2 + dρ2 + ρ2dϕ2 + dz2, (2)
with ρ =
√
x2 + y2 being the axial distance.
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A. Background vector field with the configuration vµ = (v0, 0)
From now on, let us make a discussion from the theoretical point of view, where a scalar
field is subject to the effects of the LSV given by the presence of the background vector field
vµ. In particular, let us consider a background vector field with the following configuration:
vµ = (a, 0, 0, 0), where a = const.. Note that this is a particular scenario of the LSV. In
particular case, the Eq. (1) becomes
−∂
2φ
∂t2
+
∂2φ
∂ρ2
+
1
ρ
∂φ
∂ρ
+
1
ρ2
∂φ
∂ϕ
+
∂2φ
∂z2
− ga2∂
2φ
∂t2
−m2φ = 0. (3)
Let us consider a particular solution to the Eq. (3) given in terms of the eigenvalues of
the z-component of the angular momentum operator Lˆz = −i∂ϕ and of the eigenvalues of
the z-component of the linear momentum operator pˆz = −i∂z as
φ(ρ, ϕ, z, t) = e−iEteilϕeikzR(ρ), (4)
where l = 0,±1,±2,±3, . . ., −∞ < k < ∞ and R(ρ) is a function of the axial distance.
Then, by substituting the Eq. (4) into the Eq. (3), we obtain the ordinary differential
equation
d2R
dρ2
+
1
ρ
dR
dρ
− l
2
ρ2
R + α2R = 0, (5)
where
α2 = (1 + a2g)E2 −m2 − k2. (6)
The Eq. (6) is the well-known the Bessel differential equation [73]. The general solution
to the Eq. (6) is given in the form: R(ρ) = C1J|l|(αρ) + C2N|l|(αρ), where J|l|(αρ) and
N|l|(αρ) are the Bessel function of first kind and second kind [73], respectively. The Bessel
function of second kind diverges at the origin, then we must take C2 = 0 in the general
solution, since we are interested in a well-behaved solution. Thus, the regular solution to
the Eq. (6) at the origin is given by:
R(ρ) = C1J|l|(αρ). (7)
Let us restrict the motion of the scalar field to a region where a hard-wall potential is
present. This kind of confinement is described by the following boundary condition:
R(ρ0) = 0, (8)
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which means that the wave function R(ρ) vanishes at a fixed radius ρ0, that is, this bound-
ary condition corresponds to the scalar field subject to a hard-wall potential. The hard-wall
potential has been studied in Landau-Aharonov-Casher system [74], in a Dirac neutral par-
ticle in analogous way to a quantum dot [75], in the relativistic quantum motion of spin-0
particles under the influence of noninertial effects in the cosmic string spacetime [76], in
the quantum dynamics of scalar bosons [77], in the Aharonov-Bohm effect for bound states
in relativistic scalar particle systems in a spacetime with a spacelike dislocation [78] and
in rotating effects on the scalar field in the spacetime with linear topological defects [79].
Then, let us consider a particular case where αρ0 ≫ 1. In this particular case, we can write
the Eq. (7) in the form [73]:
J|l|(αρ0) ∝ cos
(
αρ0 − |l|π
2
− π
4
)
. (9)
Hence, by substituting the Eq. (9) into the Eq. (7), we obtain from the boundary
condition (8) the relativistic energy levels of the system
Ek,l,n ≈ ±
√√√√ 1
(1 + a2g)
[
m2 + k2 +
π2
ρ20
(
n+
|l|
2
+
3
4
)2]
, (10)
where n = 0, 1, 2, 3, . . ..
We note that the background that characterizes the LSV caused by the presence of the
particular vector field influences the dynamics of the scalar field subject to the hard-wall
potential through the presence of the parameters associated with the LSV, g and a, on
relativistic energy levels of the system. We can also note that, by taking g → 0 or a → 0,
we obtain the relativistic energy levels in the Minkowski spacetime.
B. Background vector field with the configuration vµ = (0, ~v)
1. The axial direction
Let us consider a vector field which governs the LSV with the following configuration:
vµ = (0, b, 0, 0), where b = const.. It is important to note that this particular configuration
of the vector field that governs the LSV does not arise from the spontaneous breaking of the
Lorentz symmetry, since its direction varies. Because it does not have this feature, but still
be a type of configuration that breaks the violation of the Lorentz symmetry explicitly, it is
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treated as an external vector field and not as a background vector field. In this particular
case, the Eq. (1) becomes
−∂
2φ
∂t2
+
∂2φ
∂ρ2
+
1
ρ
∂φ
∂ρ
+
1
ρ2
∂φ
∂ϕ
+
∂2φ
∂z2
− gb2∂
2φ
∂ρ2
−m2φ = 0. (11)
Then, by substituting the Eq. (4) into the Eq. (11), we have
(1− b2g)d
2R
dρ2
+
1
ρ
dR
dρ
− l
2
ρ2
R + β2R = 0, (12)
where we define
β2 = E2 −m2 − k2. (13)
With the purpose of solving the Eq. (12), let us write
R(ρ) = ρ
− 1
2
(
b2g
1−b2g
)
f(ρ). (14)
Then, by substituting the Eq. (14) into the Eq. (12), we obtain the following equation for
f(ρ):
d2f
dρ2
+
1
ρ
df
dρ
− λ
2
ρ2
f + ε2f = 0, (15)
where
λ2 =
1
4(1− b2g)2 (4l
2 − 4l2b2g + b4g2); ε2 = β
2
(1− b2g) . (16)
Note that the Eq. (15) is analogous to the Eq. (5), then, by following the same steps
from the Eq. (7) to the Eq. (10), we have
Ek,l,n ≈ ±
√
m2 + k2 +
(1− b2g)π2
ρ20
[
n+
1
4(1− b2g)
√
4l2 − 4l2b2g + b4g2 + 3
4
]2
. (17)
The Eq. (17) gives us the energy spectrum of a scalar field subject to a hard-wall potential
in an spacetime with LSV in the axial direction. We can note that the effects of the LSV
influence the quantum dynamics of the scalar field through the presence of parameters b and
g. In addition, by making g → 0 or b → 0, we obtain the energy spectrum of a scalar field
subject to a hard-wall potential in the Minkowski spacetime.
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2. z-direction
From now on, let us consider the background vector field vµ = (0, 0, 0, c), where c is a
constant. In this particular case, the Eq. (1) becomes
−∂
2φ
∂t2
+
∂2φ
∂ρ2
+
1
ρ
∂φ
∂ρ
+
1
ρ2
∂φ
∂ϕ
+
∂2φ
∂z2
− gc2∂
2φ
∂z2
−m2φ = 0. (18)
We can follow the steps from the Eqs. (3) to the (5), where we obtain the differential
equation
d2R
dρ2
+
1
ρ
dR
dρ
− l
2
ρ2
R + ǫ2R = 0, (19)
with
ǫ2 = E2 −m2 − (1− c2g)k2. (20)
We can note that the Eq. (19) is analogous to the Eq. (5). Then, by following the same
steps from the Eq. (7) to the Eq. (10), we obtain
Ek,l,n ≈ ±
√
m2 + (1− c2g)k2 + π
2
ρ20
(
n+
|l|
2
+
3
4
)2
. (21)
The Eq. (17) represents the relativistic energy levels of a scalar field subject to a hard-wall
potential in the spacetime with LSV governed by a background vector field in the z-direction.
We can observe that the effects of the LSV influence the quantum dynamics of the scalar
field through the presence of an effective linear momentum eigenvalue keff =
√
(1− c2g)k.
In addition, by making g → or c → 0, we obtain the relativistic energy levels of a scalar
field subject to a hard-wall potential in the Minkowski spacetime.
III. EFFECTS OF THE COULOMB-TYPE CENTRAL POTENTIAL
The standard procedure of inserting central potentials into relativistic wave equations,
such as the Klein-Gordon and Dirac equations, is through the minimum coupling which
is represented by the transformation in the linear momentum operator, pˆµ → pˆµ − qAµ,
by qA0 = V (~r) = V (r). A well-known example, in a system of spherical symmetry, is
the Coulomb potential in the description of the hydrogen atom and in the pinic atom [80].
Another procedure to insert central potentials in relativistic wave equations, in particular in
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the Klein-Gordon equation, is by modifying the mass term of the equation, as shown in Ref.
[80]. Recently, through the modification of the mass term of the Klein-Gordon equation,
some studies have been done in the context of quantum mechanics, for example, in exact
solutions of the mass-dependent Klein-Gordon equation with the vector quark-antiquark
interaction and harmonic oscillator potential [81], in the relativistic quantum dynamics of
a charged particle in cosmic string spacetime in the presence of magnetic field and scalar
potential [82], in the linear confinement of a scalar particle in a Go¨del-type spacetime [83]
and in exact solutions of the KleinGordon equation in the presence of a dyon, magnetic
flux and scalar potential in the spacetime of gravitational defects [84]. In this section,
we take into account a scalar potential proportional to the inverse of the axial distance.
It is important to mention that the Coulomb-type potential has been studied under the
effects of the Klein-Gordon oscillator [85, 86], in a Dirac particle [87], with propagation of
gravitational waves [88], in condensed matter systems, such as 1-dimensional systems [89–91],
pseudo-harmonic interactions [92, 93] and molecules [94–96]. Then, inspired by Ref. [80], we
introduce a Coulomb-type central potential into the Klein-Gordon equation by modifying
the mass term, m→ m+ U(~r), where m is a constant that corresponds to the rest mass of
the scalar field and U(~r) is a scalar potential, with the intention of confining the scalar field
in a spacetime with LSV and investigating the effects of the Coulomb-type central potential
and spacetime anisotropies generated by the background vector field vµ on the relativisitic
quantum dynamics of a scalar field. Then, the mass term of the Klein-Gordon equation
becomes m → m + ν
ρ
, where ν is a constant that characterizes the Coulomb-type central
potential. In this way, Eq. (1) takes the form[
− g(vµ∂µ)2 −
(
m+
ν
ρ
)2]
φ = 0. (22)
A. Background vector field with the configuration vµ = (v0, 0)
Let us consider a background vector field with the following configuration: vµ =
(a, 0, 0, 0). In this particular case, the Eq. (22) becomes
−∂
2φ
∂t2
+
∂2φ
∂ρ2
+
1
ρ
∂φ
∂ρ
+
1
ρ2
∂φ
∂ϕ
+
∂2φ
∂z2
− ga2∂
2φ
∂t2
− 2mν
ρ
φ− ν
2
ρ2
φ−m2φ = 0. (23)
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By following the steps from the Eq. (3) to the Eq. (5), we obtain the axial wave equation
d2R
dρ2
+
1
ρ
dR
dρ
− γ
2
ρ2
R− 2mν
ρ
R− α¯2R = 0, (24)
where
α¯2 = m2 + k2 − (1 + a2g)E2; γ2 = l2 + ν2. (25)
Let us define r = 2α¯ρ , then the Eq. (25) becomes
d2R
dr2
+
1
r
dR
dr
− γ
2
r2
R +
δ
r
R − 1
4
R = 0, (26)
where
δ =
m|ν|
α
. (27)
Next, let us impose that R(r) → 0 when r → 0 and r → ∞. In this way, the radial wave
function can be written as
R(r) = r|γ|e−
1
2
rF (r), (28)
then, we obtain the following equation for F (r):
r
d2F
dr2
+ (2|γ|+ 1− r)dF
dr
+
(
δ − 1
2
− |γ|
)
F = 0, (29)
which is called in literature as the confluent hypergeometric equation and F (r) =1
F1
(|γ|+ 1
2
− δ, 2|γ|+ 1; r) is the confluent hypergeometric function [73]. It is well-known
that the confluent hypergeometric series becomes a polynomial of degree n by imposing that
|γ|+ 1
2
− δ = −n, where n = 0, 1, 2, 3, . . .. With this condition, we obtain
Ek,l,n = ±
√√√√ 1
(1 + a2g)
[
m2 + k2 − m
2ν2(
n+
√
l2 + ν2 + 1
2
)2
]
. (30)
Hence, by introducing the scalar potential by modification of the mass term, we can
note, through Eq. (30) which represents the relativistic energy levels of the scalar field, the
spectrum of energy is modified by the influence of the Coulomb-type central potential. Note
also that the spacetime with LSV influences energy levels through the presence of parameters
a and g. By making a→ 0 or g → 0, we have the relativistic energy levels of the scalar field
subject to the Coulomb-type central potential in the Minkowski spacetime.
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B. Background vector field with the configuration vµ = (0, ~v)
1. The axial direction
Let us consider a external vector field with the following configuration: vµ = (0, b, 0, 0).
In this particular case, the axial wave equation becomes
(1− b2g)d
2R
dρ2
+
1
ρ
dR
dρ
− γ
2
ρ2
R − 2mν
ρ
R + β2R = 0, (31)
where β2 and γ2 are defined in the Eqs. (13) and (25), respectively. By substituting the Eq.
(14) into the (31), we obtain
d2f
dρ2
+
1
ρ
df
dρ
− ι
2
ρ2
f − 2mν
(1− b2g)ρf − ε¯
2f = 0, (32)
where
ι2 =
1
4(1− b2g)2 (4γ
2 − 4γ2b2g + b4g2); ε¯ = β
2
b2g − 1 . (33)
The Eq. (32) is analogous to the Eq. (26). Then, by following the same steps from the Eq.
(28) to the Eq. (30), we have
Ek,l,n = ±
√
m2 + k2 − (1− b2g) m
2ν2(
n + |ι|+ 1
2
)2 , (34)
which is the energy spectrum of a scalar field subject to the Coulomb-type central potential
in a spacetime with LSV generated by a external external vector field in the axial direction.
Note that the nature of the external vector field influences on energy levels through the
presence of the parameters associated with the LSV, b and g. By making b → 0 or g → 0,
we obtain the relativistic energy levels of a scalar field subject to the Coulomb-type central
potential in the Minkowski spacetime.
2. z-direction
Let us consider a background vector field with the following configuration: vµ = (0, 0, 0, c).
In this particular case, the axial wave equation becomes
d2R
dρ2
+
1
ρ
dR
dρ
− γ
2
ρ2
R − 2mν
ρ
R− ǫ¯2R = 0, (35)
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where γ2 is defined in the Eq. (25) and
ǫ¯2 = m2 + (1− c2g)k2 − E2. (36)
We can note that the Eq. (35) is analogous to the Eq. (24). Then, by following the same
steps from the Eq. (24) to the Eq. (30), we obtain
Ek,l,n = ±
√
m2 + (1− c2g)k2 − m
2ν2(
n+
√
l2 + ν2 + 1
2
)2 , (37)
which is the general expression for the relativistic energy levels for the scalar field with
position-dependent mass described in the Eq. (22) in the spacetime with LSV. We can
observe the influence of the LSV in the Eq. (37) through the presence of the parameters c
and g. They yield a shift in the linear momentum eigenvalue that gives rise to an effective
linear momentum quantum number keff =
√
1− c2gk. In addition, by making c → 0 and
g → 0, we obtain the relativistic energy levels of a scalar field subject to the Coulomb-type
central potential in the Minkowski spacetime.
IV. EFFECTS OF THE LINEAR CENTRAL POTENTIAL
In this section, we analyse the relativistic quantum effects of a linear central potential,
through the modification of the mass term [80] asm→ m+µρ [69, 82], where µ is a constant,
and the effects of the LSV on the scalar field. The linear central potential has been studied
investigated under the effects of the Klein-Gordon oscillator [97], in the relativistic quantum
dynamics of a scalar particle in the spacetime with torsion [98] and in Majorana fermion
[99]. In this way, the a Klein-Gordon equation (1) becomes
[− g(vµ∂µ)2 − (m+ µρ)2]φ = 0. (38)
A. Background vector field with the configuration vµ = (v0, 0)
Let us consider a background vector field with the following configuration: vµ =
(a, 0, 0, 0). In this particular case, the axial wave equation becomes
d2R
dρ2
+
1
ρ
dR
dρ
− l
2
ρ2
R− 2mµρR− µ2ρ2R + α2R = 0, (39)
where α2 is defined in the Eq. (6).
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From now on, let us consider ξ =
√
µρ, thus, we rewrite the Eq. (39) in the form
d2R
dξ2
+
1
ξ
dR
dξ
− l
2
ξ2
R − ηξR− ξ2R + α
2
η
R = 0, (40)
where we define the new parameter
η =
2m√
µ
. (41)
By analysing the asymptotic behaviour at ξ → 0 and ξ →∞, then, we can write the function
R(ξ) in terms of an unknown function H(ξ) in the form [69, 70, 82]:
R(ξ) = ξle−
1
2
ξ(ξ+η)H(ξ), (42)
and thus, by substituting the Eq. (42) into the Eq. (41), we can observe that the function
H(ξ) is a solution to the following second order differential equation:
d2H
dξ2
+
[
(2|l|+ 1)
ξ
− η − 2ξ
]
dH
dξ
+
[
h− g
ξ
]
H = 0, (43)
where
h =
α2
µ
− 2− 2|l|+ η
2
4
; g =
η
2
(2|l|+ 1). (44)
The Eq. (44) is called in the literature as the biconfluent Heun equation [82, 100] and the
function H(ξ) = HB
(
2|l|, η, α2
µ
+ η
2
4
, 0; ξ
)
is the biconfluent Heun function.
Let us search for polynomial solutions to the Eq. (43), then, for this purpose, we write
the solution to the Eq. (43) as a power series expansion around the origin, which is a regular
singular point [82]:
H(ξ) =
∞∑
j=0
djξ
j. (45)
By substituting this series into the Eq. (43), we obtain the recurrence relation
dj+2 =
[g + η(j + 1)]dj+1 − (h− 2j)dj
(j + 2)(j + 2 + 2|l|) , (46)
where the coefficients d1 and d2 are
d1 =
g
(1 + 2|l|)d0 =
η
2
; (47)
d2 =
(g + η)d1 − hd0
2(2 + 2|l|) =
1
4(1 + |l|)
[
η2
4
(2|l|+ 3)− h
]
,
12
with d0 = 1.
In search of polynomial solutions to the biconfluent Heun equation (43), we can note from
the Eq. (45) that the biconfluent Heun series becomes a polynomial of degree n¯ when [82]
h = 2n¯; dn¯+1, (48)
where n¯ = 1, 2, 3, 4, . . .. Therefore, the condition h = 2n¯ gives the expression
Ek,l,n¯ = ±
√
1
(1 + a2g)
[k2 + 2µ(1 + n¯ + |l|)]. (49)
However, our analysis is not complete, since condition dn¯+1 = 0 must be analyzed and
this can only be attributed by values of n¯ in it. In this case, considering n¯ = 1, which from
the physical point of view represents the lowest energy state of the system and choosing the
parameter associated to the linear potential µ = µk,l,n¯ to adjust condition dn¯+1 = 0, that is,
dn¯+1 = d2 = 0, not only for n¯ = 1 but for any value of n¯, we obtain the allowed values from
µ to the radial mode n¯ = 1:
µl,1 =
m2
2
(2|l|+ 3). (50)
With the relation given in the Eq. (50), we have that the possible values of the parameter µ
are determined by the quantum numbers {l, n¯} of the system. By substituting the Eq. (50)
into the Eq. (49), the allowed energies for the lowest energy state are given by
Ek,l,1 = ±
√
1
(1 + a2g)
[m2(3 + 2|l|)(2 + |l|) + k2]. (51)
It is important to note that, unlike the previous cases analyzed, it is not possible to de-
termine a closed solution for the biconfluent Heun polynomials for its more general case of
its asymptotic behavior, that is, for large values of its argument. Hence, through the two
conditions given in the Eq. (48), arising from truncation of the power series (45), it is only
possible to determine polynomial solutions separately for each radial mode n¯ of the system,
as discussed in the Refs. [82, 100–102]. From the physical point of view, this quantum effect
arises due to the presence of the linear central potential in the system. Besides, we can note
the influence of the LSV in the Eq. (51) through the presence of the parameters a and g.
By taking a → 0 or g → 0 in the Eq. (51), we obtain the allowed energies for the lowest
energy state for the position-dependent mass system in the Minkowski spacetime.
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B. Background vector field with the configuration vµ = (0, ~v)
1. The axial direction
Let us consider a external vector field with the following configuration: vµ = (0, b, 0, 0).
In this particular case, the axial wave equation becomes
(1− b2g)d
2R
dρ2
+
1
ρ
dR
dρ
− l
2
ρ2
R− 2mµρR− µ2ρ2R + β2R = 0, (52)
where β2 is defined in the Eq. (13). By substituting the Eq. (14) into the Eq. (52), we
obtain
d2f
dρ2
+
1
ρ
df
dρ
− λ
2
ρ2
f − 2mµρ
(1− b2g)f −
µ2ρ2
(1− b2g)f +
β2
(1− b2g)f = 0, (53)
where λ2 is defined in the Eq. (16).
Let us define s =
√
µ
(1−b2g)1/4ρ, then the Eq. (53) becomes
d2f
ds2
+
1
s
df
ds
− λ
2
s2
− η¯sf − s2f + Λf = 0, (54)
where
η¯ =
2m√
µ(1− b2g)1/4 ; Λ =
β2
µ
√
1− b2g . (55)
We can note that the Eq. (55) is analogous to the Eq. (40). Then, by following the steps
from the Eq. (42) to the Eq. (46), we obtain the recurrence relation:
dj+2 =
[g¯ + η¯(j + 1)]dj+1 − (h¯− 2j)dj
(j + 2)(j + 2 + 2|l|) , (56)
with the relations
d1 =
g¯
(1 + 2|λ|) =
η¯
2
;
d2 =
1
4(1 + |λ|)
[
η¯2
4
(2|λ|+ 1) + η¯
2
2
− h¯
]
, (57)
where we are considering d0 = 1 and define the new parameters
h¯ = Λ− 2− 2|λ|+ η¯
2
4
; g¯ =
η¯
2
(2|λ|+ 1). (58)
In search of a polynomial solution to the function f(s), we have that the polynomial of
degree n¯ to f(s) is achieved when we impose that [82]
h¯ = 2n¯; dn¯+1 = 0, (59)
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where n¯ = 1, 2, 3, 4, . . .. From the condition h¯ = 2n¯, we have the expression
Ek,l,n¯ = ±
√
k2 + 2
√
1− b2gµk,l,n¯(1 + n¯+ |λ|), (60)
where we have labelled µ = µk,l,n¯ as in the previous section. Further, let us analyse the
condition dn¯+1 = 0 by working with the lowest energy state n¯ = 1. In this case, we have
that dn¯+1 = d2 = 0, and then, the possible values of the parameter µ are determined by
µl,1 =
m2(2|λ|+ 3)
2
√
1− b2g . (61)
Note that the allowed values of µ are determined by the quantum numbers of the system
{l, n¯} and parameters associated with the LSV, b and g, in contrast with the previous
subsection (50). Hence, the allowed energies for the lowest energy state (n¯ = 1) are
Ek,l,1 = ±
√√√√m2
[
3 +
√
4l2 − 4l2b2g + b4g2
(1− b2g)
][
2 +
√
4l2 − 4l2b2g + b4g2
2(1− b2g)
]
+ k2. (62)
The Eq. (62) is the expression of the relativistic energy levels of the lowest energy state,
n¯ = 1, for a scalar field subject to a linear central potential in the spacetime with LSV
caused by the presence of a external vector field. We can observe the influence of the LSV
in the Eqs. (61) and (62) through the presence of the parameters b and g. In addition, by
making b→ 0 or g → 0, we obtain the expression of the relativistic energy level of the lowest
energy state in the Minkowski spacetime.
2. z-direction
Now, let us consider the configuration of the vector field given in the form vµ = (0, 0, 0, c).
In this particular case, the axial wave equation becomes
d2R
dρ2
+
1
ρ
dR
dρ
− l
2
ρ2
R− 2mµρR− µ2ρ2R + ǫ2R = 0, (63)
where ǫ2 is defined in the Eq. (20).
The Eq. (63) is analogous to the Eq. (39). Then, following the same steps from the Eq.
(39) to the Eq. (51), we obtain
Ek,l,1 = ±
√
m2(3 + 2|l|)(2 + |l|) + (1− c2g)k2, (64)
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which is the general expression for the allowed energies for the lowest energy state for the
position-dependent mass system described in the Eq. (38) in the spacetime with LSV. We
can note the influence of the spacetime with LSV in the Eq. (64) through the presence of
the parameters c and g. They yield a shift in the linear momentum quantum number that
gives rise to an effective linear momentum quantum number keff =
√
1− c2gk. By taking
c→ 0 or g → 0 in the Eq. (64), we obtain the relativistic allowed energy levels for n¯ = 1 of
a scalar field subject to the linear central potential in the Minkowski spacetime.
V. EFFECTS OF THE COULOMB-TYPE PLUS LINEAR CENTRAL POTEN-
TIAL
In this section, let us consider the scalar field in (3 + 1) dimensions given in the Eq.
(1) under the influence of the linear and Coulomb-type potentials, where they are inserted
into the Klein-Gordon equation by modifying the mass term, m → m + µρ + ν
ρ
, that is, a
Cornell-type potential [81], since we are working with cylindrical symmetry. This type of
potential has been studied in the Refs. [82, 84, 97]. In this way, the Klein-Gordon equation
(1) becomes [
− (vµ∂µ)2 −
(
m+ µρ+
ν
ρ
)2]
φ = 0. (65)
A. Background vector field with the configuration vµ = (v0, 0)
Let us consider the background vector field vµ = (a, 0, 0, 0). In this particular case, the
Eq. (65) gives axial wave equation
d2R
dρ2
+
1
ρ
dR
dρ
− γ
2
ρ2
R − 2mν
ρ
R− 2mµρR− µ2ρ2R + α˜2R = 0, (66)
where γ2 is defined in the Eq. (25) and we define the new parameter
α˜2 = (1 + a2g)E2 −m2 − k2 − 2µν. (67)
From now on, let us consider ξ =
√
µρ, thus, we rewrite the Eq. (67) in the form
d2R
dξ2
+
1
ξ
dR
dξ
− γ
2
ξ2
R − ζ
ξ
R− ηξR− ξ2R + α˜
2
µ
R = 0, (68)
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where η is defined in the Eq. (41) and
ζ =
2mν√
µ
. (69)
By analysing the asymptotic behaviour of the possible solutions to the Eq. (68) at ξ → 0
and ξ →∞, we can write the function R(ξ) in terms of an unknown function G(ξ) as
R(ξ) = ξ|γ|e−
1
2
ξ(ξ+η)G(ξ). (70)
Then, by substituting the Eq. (70) into the Eq. (68), we obtain the biconfluent Heun
equation [82, 100]
d2G
dξ2
+
[
(2|γ|+ 1)
ξ
− η − 2ξ
]
dG
dξ
+
[
h˜− g˜
ξ
]
G = 0, (71)
where
h˜ =
α˜2
µ
+
η2
4
− 2− 2|γ|; g˜ = η
2
(2|γ|+ 1) + ζ, (72)
and the function G(ξ) is the biconfluent Heun function, G(ξ) = GB
(
2|γ|, η, α˜2
µ
+ η
2
4
, 2ζ ; ξ
)
.
Further, by using the Fro¨benius method as in the Eqs. (45) and (46), we obtain the
recurrence relation:
dj+2 =
[g˜ + η(j + 1)]dj+1 − (h˜− 2j)dj
(j + 2)(j + 2 + 2|γ|) , (73)
with the relations
d1 =
g˜
1 + 2|γ| ; (74)
d2 =
1
4(1 + |γ|) [(g˜ + η)d1 − h˜] =
1
4(1 + |γ|)
[
g˜2 + ηg˜
1 + 2|γ| − h˜
]
,
where we are considering d0 = 1.
As seen in the Sec. (IV), through the recurrence relation (73), we can see that the power
series expansion (73) becomes a polynomial of degree n¯ by imposing two conditions [82]
h˜ = 2n¯; dn¯+1 = 0, (75)
where n¯ = 1, 2, 3, 4, . . .. From the condition h˜ = 2n¯, we obtain the expression
Ek,l,n¯ = ±
√
1
(1 + a2g)
[k2 + 2µk,l,n¯(1 + n¯+ |γ|+ ν)]. (76)
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For our analysis to be complete, it is necessary to analyze the condition dn¯+1 = 0, which, as
already seen in the Sec. (IV), the parameter associated with the linear central potential is
chosen to adjust such condition (µ = µk,l,n¯). Then, for n¯ = 1, we have dn¯+1 = d2 = 0, which
it gives the allowed values of µ for n¯ = 1
µl,1 =
m2
2
(2
√
l2 + ν2 + 3) + 4m2ν
(
√
l2 + ν2 + 1)
(2
√
l2 + ν2 + 1)
+
2m2ν2
(2
√
l2 + ν2 + 1)
. (77)
By comparing the expressions for the allowed values of µ (50) and (77), we have that the
presence of the Coulomb-type potential modifies the the expression for the allowed values
of µ for n¯ = 1, that is, the possible values of µ are determined by the parameter associated
with the Coulomb-type potential, and by the the quantum numbers of the system {l, n}.
With the result given in the Eq. (77), the allowed energies for the lowest energy state are
Ek,l,1 = ±
√
1
(1 + a2g)
{
k2 +m2
[
(2|γ|+ 3) + 8ν (|γ|+ 1)
(2|γ|+ 1) +
4ν2
(2|γ|+ 1)
]
(2 + |γ|+ ν)
}
.(78)
We can note that the allowed energy values for n¯ = 1 are influenced by the spacetime
with LSV through the presence of the constant parameters a and g. Note that, by making
ν = 0 in the Eqs. (77) and (78) we recover the Eqs. (50) and (51), respectively. In addition,
by making a→ 0 or g → 0, we obtain the allowed energy values of a scalar field subject to
the Coulomb-type plus linear central potential in the Minkowski spacetime.
B. Background vector field with the configuration vµ = (0, ~v)
1. The axial direction
Let us consider the external vector field vµ = (0, b, 0, 0). In this particular case, the Eq.
(65) gives axial wave equation
(1− b2g)d
2R
dρ2
+
1
ρ
dR
dρ
− γ
2
ρ2
R− 2mν
ρ
R− 2mµρR− µ2ρ2R + β¯2R = 0 (79)
where γ2 is defined in the Eq. (25) and
β¯2 = E2 −m2 − k2 − 2µν. (80)
By substituting the Eq. (14) into the Eq. (79), we obtain
d2f
dρ2
+
1
ρ
df
dρ
− ι
2
ρ2
f − 2mν
(1− b2g)ρf −
2mµ
(1− b2g)ρf −
µ2
(1− b2g)f +
β¯2
(1− b2g)f = 0, (81)
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where ι2 is defined in the Eq. (33). Now, by using the variable change s =
√
µ
(1−b2g)1/4ρ, we
have
d2f
ds2
+
1
s
df
ds
− ι
2
s2
f − ζ¯
s
f − η¯sf − s2f + Λ¯f = 0, (82)
where η¯ is defined in the Eq. (55) and
ζ¯ =
2mν√
µ(1− b2g)1/4 ; Λ¯ =
β¯2
µ(1− b2g) . (83)
We can note that the Eq. (82) is analogous to the Eq. (68). Then, let us follow the steps
from the Eq. (70) to the Eq. (76), we obtain the expression
Ek,l,n¯ = ±
√
k2 + 2
√
1− b2gµk,l,n¯(1 + n¯+ |ι|+ ν). (84)
As we have discussed in the previous section, the parameter µ can be adjusted to satisfy
the truncation conditions of the biconfluent Heun series. Then, for n¯ = 1, we obtain the
allowed values of µ
µl,1 =
m2(2|ι|+ 3)
2
√
1− b2g +
4m2ν(|ι|+ 1)
(1− b2g)(1 + 2|ι|) +
2m2ν2
(1− b2g)3/2(1 + 2|ι|) . (85)
We can observe that, in contrast to the Subsec. (VA), the configuration of the external
vector field that characterizes the LSV modifies the allowed values of µ for n = 1. By making
ν = 0, we recover the Eq. (61). Hence, the allowed values of the relativistic energy for the
radial mode n¯ = 1 are
Ek,l,1 = ±
√√√√k2 +m2
[
(2|ι|+ 3) + 8ν(1 + |ι|)√
1− b2g(1 + 2|ι|) +
4ν2
(1− b2g)(1 + 2|ι|)
]
(2 + |ι|+ ν).(86)
We can note the influence of the LSV in the Eq. (86) through the presence of the
parameters b and g. In addition, by making ν = 0, we recover Eq. (62). By talking b→ 0 or
g → 0, we obtain the allowed energy for n¯ = 1 of a scalar field subject to the Coulomb-type
plus linear central potential in the Minkowski spacetime.
2. z-direction
Let us consider the background vector field vµ = (0, 0, 0, c). In this particular case, the
Eq. (65) gives axial wave equation becomes
d2R
dρ2
+
1
ρ
dR
dρ
− γ
2
ρ2
R− 2mν
ρ
R− 2mµρR− µ2ρ2R + ǫ˜2R = 0 (87)
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where γ2 is defined in the Eq. (25) and
α˜2 = E2 −m2 − (1− c2g)k2 − 2µν. (88)
The Eq. (87) is analogous to the Eq. (66). Then, by following the same steps from the
Eq. (66) to the Eq. (78), we obtain
Ek,l,1 = ±
√
(1− c2g)k2 +m2
[
(2|γ|+ 3) + 8ν(|γ|+ 1)
(2|γ|+ 1) +
4ν2
(2|γ|+ 1)
]
(2 + |γ|+ ν), (89)
which is the general expression for the allowed energies for the lowest energy state of the
system described in the Eq. (65) in the spacetime with LSV. We can note the influence of
the LSV in the Eq. (89) through the presence of the parameters c and g. They yield a shift
in the linear momentum eigenvalue that gives rise to an effective linear momentum quantum
number keff =
√
1− c2gk. In addition, by making ν = 0 in the Eq. (89), we recover the
Eq. (64). By taking c → 0 or g → 0 in the Eq. (89), we obtain the allowed energy values
for n¯ = 1 of a scalar field subject to the Coulomb-type plus linear central potential in the
Minkowski spacetime.
VI. CONCLUSIONS
We have investigated the effects of the LSV on a scalar field subject to a hard-wall
potential and Coulomb-type and linear central potentials. The LSV is governed by the
presence of a background constant vector field which modifies the structure of the Klein-
Gordon equation (1) by it is directly coupled to a derivative of the field. This coupling
conserves the CPT symmetry, so it is considered a CPT -even coupling [71]. For our analysis,
we consider the particular cases where the vector field has the particular configurations
vµ = (v0, 0) and vµ = (0, ~v). In the particular case where the vector field has the particular
configuration vµ = (0, ~v), it is possible to note that, by a coordinate change, we obtain the
Klein-Gordon equation in its ordinary form. However, we are determining explicit results of
this background on the scalar field, since we are interested in a possible detection.
In our first analysis, we considered the presence of a hard-wall potential, where we have
shown that there is the influence of the effects of the LSV on the relativistic energy levels.
Then, by modifying the mass term, we inserted the Coulomb-type central potential into
the Klein-Gordon equation, where we determined the energy levels of the analyzed systems,
20
which in turn in all cases we can note the influence of the LSV on the levels of the relativistic
energy levels. In the case of the linear central potential, we have calculated the values allowed
for the lower energy states of the system and shown that there is also influence of the LSV.
Then we extend our analysis considering the presence of the Coulom-type potential plus the
linear potential and show that relativistic energy allowed for lower energy state is affected
by the effects of the LSV. In addition, the influence of the linear central potential and of
the Coulomb-type plus linear central potential on the scalar field restricts the values of the
parameter related to the linear central potential to a set of values that are established by
the quantum numbers of the system which allow us to obtain a polynomial solution to the
biconfluent Heun series. We also can note that because the symmetry is cylindrical, the
scalar field is subject to the effects of the axial central potentials only in the xy-plane.
It is worth mentioning that the background vector field introduced in the Klein-Gordon
equation can be considered more general, that is, where all its components are non-zero. It is
in our interest as future perspectives to analyze this more general case on the scalar field, not
only for the central potentials considered in the present work, but for other interactions and
external effects, for example, the Klein-Gordon oscillator [103–107], the Landau quantization
[108], the Aharonov-Bohm effect for bound states [109] and thermodynamic properties [110–
115].
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